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The aim of this paper is to introduce the generalized Apostol-type polyno-
mial matrix ¥/ 1el (z;¢,a; A\; u;v) and the generalized Apos-tol-type matrix
wm=Yel(c a; A\, s v). Using some properties of the generalized Apostol-type po-
lynomials and numbers, we deduce a product formula for wylm—1L.el (z5¢,a5 A5 3 v)
and provide some factorizations of the Apostol-type polynomial matrix
# U (x; ¢, a; \; j; v), involving the generalized Pascal matrix, Fibonacci and
Lucas matrices, respectively.
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1. INTRODUCTION

In many settings (see e.g. [24,6,8,10,11,19,20,24-29]), a number of inte-
resting and useful identities involving binomial (or g-binomial) coefficients can
be obtained from a matrix representation of a particular counting sequence.
Such a matrix representation provides a powerful computational tool for deri-
ving identities and an explicit formula related to the sequence. Also, it is pos-
sible to obtain from a matrix representation of a particular counting sequence,
an identity and an explicit formula for the general term of the sequence.

Particularly interesting are those contexts in which such a matrix repre-
sentation is related to special classes of polynomials, namely, Bernoulli poly-
nomials, Euler polynomials, Bell polynomials, Jacobi polynomials, Laguerre
polynomials their generalizations and g-analogues, and so on.

Having in mind these facts and motivated by [19,28], the main purpose
of the present paper is to introduce the generalized Apostol-type polynomial
matrix, provide some of its algebraic properties, as well as, determine explicit
expressions for it, which connect it with Pascal, Fibonacci and Lucas matrices,
respectively.
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So, we begin our study with the definition of a unified version of the
generalized Apostol-type polynomials. For m € N, a, \,u,v € C and a,c
positive real numbers, the generalized Apostol-type polynomials in the variable
x, parameters c¢,a, A, i, v, order a and level m, are defined by means of the
following generating function [7].

o o
(1) <E£C£ﬁ1“y)(z)) = ZQL’"_I’&} (x5 e a3 A p;v)
n=0

zn

nl’

where |z| < 2m when A = 1, 2| < m when A = —1, (|zIn (£)] < [log(—))])
when A € C\ {—1,1}, 1* := 1, and E&cn'z_g\lul’)(z) is the Mittag-Leffler type
function given by

N Ot VYT
Efgﬂuw)(z) = G , meN, a,ceR", A\ pu,veC.

m—1
de 3 Chel

This class of polynomials has been introduced recently in [7] and it pro-
vides a unified presentation of the generalized Apostol-type polynomials and
the generalized Apostol-Bernoulli polynomials, Apostol-Fuler polynomials and
Apostol-Genocchi polynomials in the variable z, parameters \, a, ¢, order o and
level m, (cf. [13,14,17]).

The numbers given by

2N e s s i) = (0 ¢ a5 s i),
denote the corresponding unified presentation of the generalized Apostol-type
numbers of parameters A € C, a,c € R", order o € C and level m € N.

From (1), it is easily observed that the following addition theorem of the
argument is satisfied.

(2) @it (@ 4 yie,a \ pw)
=> (Z) D1 s e a; A s ) 28 (s e as A s ).
k=0

Since o@,[qm_l’o} (z;c,a; \; p;v) = (zln(e))™, upon setting 5 = 0 in addition
theorem of the argument (2) and interchanging = and y, we obtain

n
n _
) 2ot yieaixpin) = Y (1) A e s e,
k=0
The outline of the paper is as follows. Section 2 contains the basic back-
ground about the generalized Apostol-type polynomials in the variable z, para-
meters ¢, a, A, u, v, order « and level m, and some other auxiliary results which
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will be used throughout the paper. In Section 3, we introduce the generalized
Apostol-type polynomial matrix, derive a product formula for it and give some
factorizations for such a matrix, which involve summation matrices and the ge-
neralized Pascal matrix of first kind in base ¢, respectively. Finally, Section 4
shows several factorizations of the generalized Apostol-type matrix in terms of
the Fibonacci and Lucas matrices, respectively (cf. Theorems 8 and 9).

2. BACKGROUND AND PREVIOUS RESULTS

Throughout this paper, we denote by N, Ny, R, R™, and C the sets of
natural, nonnegative integer, real, positive real and complex numbers, respecti-
vely. All matrices are in M,,11(K), the set of all (n+1) x (n+ 1) matrices over
the field K, with K = R or C. Also, for 7, j any nonnegative integers we adopt
the following convention

i
() = 0, whenever j > 1.
J

Definition 1. Let 2 be any nonzero real number. For ¢ € RT, the genera-
lized Pascal matrix of first kind in base ¢ P.[z], is an (n + 1) x (n + 1) matrix
whose entries are given by

(;)(x Inc)i=7, i>j,
Pije(t) =
0, otherwise.

It is clear that when ¢ = e, the matrix P.[x] coincides with the generalized
Pascal matrix of first kind P[z]. Furthermore, if we adopt the convention
0° =1, then P.[0] = I,,41, with I,,1 = diag(1,1,...,1).

Following [2], a useful alternative expression for P.[z] can be deduced:
suppose there is a matrix L. such that P.[z] = e*l<, then

d d
@Pc[w] - aexLC = LcexLC = LCPC[.Z'],
SO,
d
d—PC[a:] = L.P.[0] = LcIyy1 = Le.
x =0

Thus, there is at most one matrix L. such that P.[z] = e*lc. Indeed, such a
matrix L. is given by

[ jlne, i=j+1,
(Lc)z}j - { 0, otherwise.
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Note that for every k € N, the entries of the matrix L¥ := (L.)* are given
by the formula

() —{ o i=ivk
“Jij | 0, otherwise.

Furthermore, for kK > n+ 1 we have (L’j)l = 0, which implies that the infinite

)

series for eLe reduces to the finite sum

(zIn(c))

2 zlnce)™
) Lg+...+u

e®le = I+ zln(c) L. + '
n!

L.

Clearly e« is a lower triangular matrix with diagonal entries equal to 1. If we
assume ¢ > j and let K = ¢ — 7, then the only matrix in the sum above which

k
has a nonzero (i, j)—th entry is %Lc, S0

()= TR (1) = eme T = () =)

2Y) J'(Z_j) J

An immediate consequence of the remarks above is the following propo-
sition.

PROPOSITION 1 (Addition theorem of the argument). For x,y € R we
have

Pz +y] = Plz] P[y].

Taking into account that the affine transformation z — x In ¢ implies the
identity P.[xr] = Plzlnc|, where Ply] denotes the generalized Pascal matrix
of first kind, the following algebraic and differential properties of P.[x] can be
derived.

PROPOSITION 2. For ¢ € R", let P.[z] be the generalized Pascal matriz
of first kind in base ¢ and order n+ 1. Then the following statements hold.

(a) P.[x] is an invertible matriz and its inverse is given by

(b) Differential relation (Appell type polynomial entries). P.[x] satisfies the
following differential equation

D,P.[z] = £.P.[x] = P.[z]£,,

where Dy P.[x] is the matriz resulting from taking the derivative with
respect to x of each entry of P.[x] and the entries of the (n+1) x (n+1)
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matriz £ are given by
Pije(0), =],
lije=
0, otherwise,

(j+1ne, i=j5+1,
0, otherwise.

(e) The matriz P.[x] can be factorized as follows.

(4) P.lr] = Gn,C[x]anl,C[l‘] T Gl,C[l‘]a

where Gy, c|x] is the (n+ 1) x (n+ 1) summation matriz given by

[I”’“ 0 ] k=1,...,n—1,

0  Siclz
kac[l‘] — k, [ ]
Sn.clx], k=mn,
being Sk.clx] the (k 4+ 1) x (k + 1) matriz whose entries Sy (x;4,7) are
given by
(xlnc)=7, i>j,
Sk.e(T3i,j, ¢) = (0<i,j<k).

0, j>i,
Another necessary structured matrices in what follows, are the Fibonacci
and Lucas matrices. Below, we recall the definitions of each one of them.

Definition 2. Let {F},},>1 be the Fibonacci sequence, i.e., Fy, = F,,_1 +
F,,_s for n > 2 with initial conditions Fy = 0 and F; = 1. The Fibonacci
matrix .% is an (n + 1) X (n + 1) matrix whose entries are given by [11]:

Fi*j+17 Z_.]+1203

fi,j:
0, i—j+1<0.

Let .Z ! be the inverse of .# and denote by f; ; the entries of # 1. In [11]
the authors obtained the following explicit expression for . 1.

1, i=j
fij=¢ -1, i=j+1,j+2,

0, otherwise.



254 Yamilet Quintana, William Ramirez and Alejandro Urieles 6

Definition 3. Let { Ly, },>1 be the Lucas sequence, i.e., Lpto = Lpy1+ Ly,
for n > 1 with initial conditions L1 = 1 and Ly = 3. The Lucas matrix & is
an (n+ 1) x (n + 1) matrix whose entries are given by [29]:

Liji1, ©1—352>0,

lij =
0, otherwise.

Let £~ be the inverse of .Z and denote by lNi,j the entries of .Z~1.
In [29, Theorem 2.2] the authors obtained the following explicit expression for

7.
L=y
-3, i=j+1,

5(=1)I2iI72 i > 42,

0, otherwise.

For z any nonzero real number, using [29, Theorem 3.1] we can deduce
the following relation between the matrices P.[z] and .Z.

(5) Pela] = 24, [x] = H]a) 2,
where the entries of the (n+ 1) x (n+ 1) matrices ¢, [z] and /#[x] are given by

Gije(@) = (zme) 77! [@ In¢)"*! (Z> —3(x lnc)i<i B 1)

J J

: : zlne
4 5(_1)Z+12l_1mi—1,j+1 < 5 >:| ,

hage) = i3 [(eney ™! (1) - stamer( )

1 5(zIne)t T2 2
_1)i+1 L
+ ( ]') 2j+3 Ti4+1,5+3 zlne )

respectively, with

Y CDE() (@lne)t, i >,
mij(x) =
0, otherwise,
> (D) (@ne)®, i >,
nm(x) =
0, otherwise.
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3. THE GENERALIZED APOSTOL-TYPE POLYNOMIAL MATRIX

Definition 4. For m € N, a;, A, u, v € C and a, ¢ positive real numbers, the
generalized (n+1) x (n+1) Apostol-type polynomial matrix w m=1.a] (x5 e, a5 A
w; v) is defined by

m—1,0] (Y2l e as A ), 0>,

L (@me g py) =

0, otherwise.
While, the matrices
(@ a i) = T  @e a k),
(e axipr) = #0000 )

are called the Apostol-type polynomial matrix and the Apostol-type matrix,
respectively.

Since 210 (z;c,a; \; p;v) = (zln(e))™, we have
(s e a5\ pv) = Pefal.
It is clear that (3) yields the following matrix identity:
Il (e oy, as s psv) = #ITV (ys e as s ) Pofal.

The next result is an immediate consequence of Definition 4 and the
addition formula (2).

THEOREM 3. The generalized Apostol-type polynomial matriz # =101 (x;
¢, a; \; iy v) satisfies the following product formula.

6) It pyse a h; psv)
= w el (@ e a A s ) Wy e as A i)
= # 1B s a A s v) W (s e as s i)
= w1y e a A s w) WP @ e a s ).
Proof. We proceed as in the proof of [19, Theorem 3.1], making the cor-
[m—1,0,5] (a; A; p;v) (z,y) be the (i,7)-th entry

i7j7c
of the matrix product #/ ™12 (z; ¢, a; A; p; v) # ™18 (y: ¢, a; \; p; v), then by
the addition formula (2) we have

responding modifications. Let A

ALl 4 3 ) (2, y)

= (;) Q,[T,Zl’a] (z3¢,a; \; p;v) <§> 32,[::1’5] (y;c,a3 X5 3 v)
k=0
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= (;) 2" N e 0 M ) (5) 27" e 0 h )

k=j
= <Z> <Z. - ‘2) 2" @ e s x ) 2 (s e a5 s s v)
iy M/ NPT
i\ (i =7\ et [m—1,6]
= <]> < i >e@i_j_,; (Tie,a; A ;)2 (Y5 e, a5 A ps v)
k=0

= <Z> D e as s ),
j

which implies the first equality of the theorem. The second and third equalities

can be derived in a similar way. [

The next result establishes the relation between the generalized Apostol-
type polynomial matrix and the generalized Pascal matrix of first kind in base c.

COROLLARY 4. The generalized Apostol-type matrix "//[mfl’a}(y; C,a; \;
w; V) satisfies the following relation.
wItel e fyse e d ) = N @ e ad ) Pely)
Pola] w1 (ys e a3 s v)
= Wm0 (ys e a3 ;s v) Pela].

In particular,

pm @y, h ) = Pelal Ny e 050 15 0)
= Plyrm U (wse o pv).

Proof. The substitution 5 = 0 into (6) yields
I s e az hs psv) = @ e as A ) (ys e as s s ).
Since W/ [m—1.0] (y;c,a; \; u; v) = Pely], we obtain
(1) @ e as s pv) = 2TV (@5 e a A psv) Pely).
A similar argument allows to show that

pIm ey a; dpwv) = Pl (ys e a5 0 s w)
= I bel(ys e a; \; psv) Pl

Finally, the substitution @ = 1 into (7) and its combination with the
previous equations complete the proof. [
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Using the relation (4) and Corollary 4 we obtain the following factoriza-
tion for w/lm—1.al (z + y;¢,a; A\; p; v) in terms of summation matrices.

el @t yse a; h s v)
= W00 (@5 e a3 A 15 0) G [Y] G,e[y) - -~ G ey

Also, for any x nonzero real number, using (5) and Corollary 4 we obtain
the following factorizations for #/[m—1.] (z+y; ¢, a; A\; p; v) in terms of the Lucas
matrix.

e O N N e B e TN P AR A A
A NP A E A

Under the appropriate choice on the parameters, level and order, it is
possible to provide some illustrative examples of the generalized Apostol-type
polynomial matrices:

Ezample 5. For m € Nyc=a =¢e =exp(l), a =v =1, A = —1 and
1 = 0, let us consider the polynomials Q,[cm_l’” (x;e,e;—1;0;1), k = 0,1,2,3.

From the relation (cf. [7, Eq. (15)]):
Qi{n*l’” (r;e,e;—1;0;1) = —Blm—1] (z), n € Ny,

n

where BI" (x) is the n-th generalized Bernoulli polynomial of level m (see [20]

and the references therein).
Hence, for n = 3 we have

wm—1.1] (z;e,e;—1;0;1)

[ —m) 0 0 0 |
—m/! (x - #ﬂ) —m! 0 0
- —Bémfl] () —2m! ($ — ﬁ) —m/! 0 |’
I —B:[Sm_l] (x) —3B£m_1] (x) —3m! (:z: - ﬁ) —m!_
with
[m—1] 2 2 2
B =m! -
2 (@) m(”c m+1m+(m—|—1)2(m+2)>’
By ()

B 3 6 . 6(m — 1)
_m!<x3 m+ 1 2+(m+1)2(m+2) +(m+1)2(m+2)(m+3)>.
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Ezample 6. For m = A =pu=1,¢c=a=¢e =exp(l) and v = 0, let us
consider the polynomials QE’CX] (r;e,e;1;1;0) = E,(f) (), where E,(f) (x) is the
k-th generalized Euler polynomial, £ = 0,1,2,3. Then, for n = 3 we have

It (e, e15150) = £ (x),

where &(®)(z) is the generalized Euler matrix given by (cf. [19]):

&) (z)
1 0 0 0
r—2 1 0 0
= x2 —ar+ % 2r — « 1 0
a3 — 30g? 4 36“(3_1)37 — 36“2(?_1) 3 <x2 —ar + Lagl)) 3(z—%) 1

Ezxample 7.Forn:3,m:c:,u:2,a:3,oz:%,V:5andany
A€ C\{—1,1}, we have (see [7, Example 4]):

1
Qg[172](x;2,3;)\;2;5) =0, 7=01,

1,1] 32
Q[’Q :2,3;0;2;5) = ,
2 (:U ) \/ﬁ
[1.3] 48
2577 (2;2,3;:,2;5) = — [(2In2)(A+ 1)z — (In2)X — In 3].
(I+A)2
Therefore,
0 0 00
1.1 0 0 0 0
7/[’2](x;2,3;)\;2;5) = 32 0 0 ol
VI4+A 96
a370(m,)\) DY 0 0

1
where a3 o(x, ) = Q:LLQ](SC; 2,3;\;2;5).

Remark 1. Note that the examples above say that the generalized Apostol-
type polynomial matrices are not invertible matrices in general. Hence, exten-
sions of classical factorization theorems for this family of polynomial matrices
do not make sense in general.

However, Remark 1 suggests the following definition.
Definition 5. Let {Qllm_l’a} (x5 e, a5 \; 15 l/)} . be a sequence of genera-
n

lized Apostol-type polynomials in the variable x, parameters ¢, a, \, i, v, order
« and level m. We say that {kafl’a} (x5 e, a3 \; 15 y)} . admits an inversion
n>
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if there exists a sequence {an(c,a;A;pu;v)},~q of nonzero complex (or real)
numbers, such that

an(c,a; X ) (x1n(e)" = (Z) N s e ai N psv), 0> 0,
k=0

When the polynomial sequence {kafl’a] (x5 e, a3 \; 15 1/)} . admits an inver-
n

sion, we call to its corresponding generalized Apostol-type polynomial matrix,
admissible generalized Apostol-type matrix.

Remark 2. The following facts are straightforward consequences of Defi-
nition 5:

(a) It is clear that the definition above splits the class of the sequences of ge-
neralized Apostol-type polynomials into two disjoint subclasses, namely,
the polynomial sequences which admit an inversion and the polynomial
sequences which do not admit an inversion.

(b) If a sequence of generalized Apostol-type polynomials admits an inver-
sion, then it is a basis of the space of polynomials and its corresponding
generalized Apostol-type polynomial matrix is a nonsingular matrix.

(c) Extensions of the classical factorization theorems will take place in the
framework of the admissible generalized Apostol-type polynomial matri-
ces.

(d) Examples 5 and 6 show admissible generalized Apostol-type matrices,
while Example 7 shows a non-admissible generalized Apostol-type ma-
trix.

(e) As a consequence of Corollary 4, if W/ [m—1.0] (z5¢,a; A5 p;v) is an admis-
sible generalized Apostol-type matrix, then its inverse matrix can be
factorized as follows.

(W[m_l’“] (z3¢,a5 X 415 V)>

- Pe[—7] (W[m_l’a](aa;)\; 4 V))il-

. . . —1.
So, factorizations for the matrix (7/[7”_1’0‘] (x+y;c,a; \; 1 l/)) in terms
of the inverses of summation matrices or in terms of the inverse of the
Lucas matrix also will take place, respectively.

4. FACTORIZATIONS OF THE GENERALIZED APOSTOL-TYPE
MATRICES VIA FIBONACCI AND LUCAS MATRICES

For m € N, a,c positive real numbers, A, u,v € C, a a real or complex
number and 0 < 4,j < n, let M1 (z5¢,a; A5 p;v) be the (n+1) x (n+ 1)
matrix whose entries are given by (cf. [19]):
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~ [m—1,q]

ij (z5¢,a; \; 5 v)
' m—1,a — 1 m—1,a
= (;) 2" e a0 i) (l i )o@z[_j_li Wi eoa 0 3v)
i —2 [m—1,q]
-y )25 (z3¢,a3 A5 ).

We denote .U (z) =" (z;e,e;1;0;1) and .z =_zIm=1(0).
Similarly, let A= 1(z: ¢ a3 \; p;v) be the (n + 1) x (n + 1) matrix
whose entries are given by (cf. [19]):

_ (P pm=tal .y ‘ m=Lal (. o\
= () .Qi_j (z5e,a; N s v) — (j N 1> Qi_j_l (z5e,a; Ay 3 v)

{ m—1,a
- <j N 2) Qz[_j_g Nwse,a50 m50).
We denote A= (z) = 4111 (z: e, e;1;0;1) and A =1 =_gIm=1](0),
From the definitions of .#/[m—1:] (x;¢,a; A\ u;v) and N =10l (x5 ¢, a5 A
w; V), we see that

~ [m—1,a] [m 1,0

myo " wseahmy) = wl N @re a ) =gy (@ )

= A e a ) = 2 1O‘( a; A i v),
mgﬁ;_l’a](:v;c,a;)\;u;u) = [m la(x cya; Ay v) =0, > 1,
ﬁl%ﬁl’a](x;c,a;/\;u; v) = [m Lex (x Cya; A 4 V)

= ng Ml @se,ah s v) — 287N e 0\ i),

T @ a ) = A e e ) =0, j =2
mly N ase g xpmr) = AwlyT N @ ad )

= 2" @e 0 h ) — 2 @ N i)

K3 K3

—Ql[igl’a] (xye,a; Ay psv), 0> 2.

For m € N, a,c positive real numbers, A, u,v € C, o a real or complex
number and 0 < 4,5 < n, let El[mfl’a](x; c,a; Ay p;v) be the (n+1) x (n+ 1)

matrix whose entries are given by

I s e a5 s s v)
— (5) DN @, s s v) — 3( j )Qz[mg @ e a A )
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i—2

i i k m—1,«

+5 Z(—l)“k2’*k*2 (j) Q,[C_j 1 ](a:; Cya; A i V).
k=j

We denote ™ () = 21" (2 e,e;1;0;1) and £ = 2" (o).
Similarly, let 2™ " (2; ¢, a; A; ;) be the (n+1) x (n+1) matrix whose
entries are given by

Am—1,q]

4,5,2 (5 ¢,a3 A 1;v)
A T E) glmal oy
- <]> 1—j ("anaa)‘nu',y)_3<j_|_1>°@i—j—1 (x,c,a,)\,,ll,u)
+5 3 (~1)Fi2k @ 2" s e 030 s w).
k=j+1

We denote 32[771—1] (x) = .;sz[m_l’l] (x;e,e;1;0;1) and .,%[m_l] = .,%[m_l] (0).
From the definitions of .Zl[m_l’a] (z;¢,a; \; p;v) and f;m_l’a}(ac;c, a; \;
w; V), we see that

ZETZILOC] (T3c,a; A5 5) = Zz[ﬁfgl’o‘] (z5e,a; A5 3 v)
= o@([)m—l,a](c, a; Ay pyv), >0,
i([)@,_ll’a](x;c’a;)\s w;v) = l}%;’a](x;c,a; Av), j>1,
Z[mflva] . AW . _ A[mfl,a] . Y. .
1,0,1 (IE,C,CL, )\"U"V) - l1,0,2 (1:’05 @a)\,M»V)

= 2" 0.0 X ) = 320" e a N i),

Z[mfl,a] (m—1,a]

M@ as ) =17 N @e as A pv) =0, j > 2.
The following results show some factorizations of #/["—1.a] (x5 e,a; \; s v)

in terms of Fibonacci and Lucas matrices, respectively.

THEOREM 8. The generalized Apostol-type matrix wIm—1a] (zyc,a; A5 p;v)
can be factorized in terms of the Fibonacci matriz & as follows.

(8) It e ai X psv) = F T @5 e 0 A ),
or,
(9) Wbl (zca X s v) = ATV (@50 05 M s v) Z.

In particular,

(10) FM" N z) = (e, e:1,0,1) = /()27
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Proof. Since the relation (8) is equivalent to
F el (@ e as N s v) = AN @0 a5 N s ),

it is possible to follow the proofs given in [19] or [28, Theorem 4.1], making
the corresponding modifications, for obtaining (8). The relation (9) can be
obtained using a similar procedure. The relation (10) is a straightforward
consequence of (8) and (9). O

Also, the relations (8) and (9) allow us to deduce the following identity:
el (z5e,a; Ay v) = F 1 ytm=1el (z5e,a; A5 v) Z.

An analogous reasoning as used in the proof of Theorem 8 allows us to
prove the results below.

THEOREM 9. The generalized Apostol-type matrix wIm—1a] (zyc,a; 5 p;v)
can be factorized in terms of the Lucas matriz £ as follows.

(11) =10l (xye,a; A5 v) = .f.i”l[m_l’a} (x5 c,a; A5 p;v),
or,
(12) wm=be (g coas A psv) = fgmfl’a] (z5e,a; A\ ;)L

In particular,
,,?fl[m_l] (x) = w1l (z;e,e;1;0;1) = .,%[m_l] () Z.
Also, the relations (11) and (12) allow us to deduce the following identity:

Ay = 2 g () 2.

Remark 3. It is worthwhile to mention that

(a) If we consider a € C, b € C\ {0} and s = 0,1, then Theorems 8 and
9, as well as, their corollaries have corresponding analogous forms for
generalized Fibonacci matrices of type s, # (@.b:5) and for generalized

Fibonacci matrices % (@%0) with second order recurrent sequence U,(Za’b)
subordinated to certain constraints. The reader may consult [24] in order
to complete the details of this assertion.

(b) In the present article, all matrix identities have been expressed using finite
matrices. Since such matrix identities involve lower triangular matrices,
they have an analogue for infinite matrices.

Finally, we are only at the beginning of this subject, some possible paths
to continue are to study further g-analogues of these matrices, (cf. [1, 8,9,
11,12, 19, 21-23]). Because of the close affinity to combinatorial identities
and combinatorics, the g-analogues of the generalized Apostol-type polynomial
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matrices could have many applications (depending on the notion of g-analogy
chosen).
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