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1 Introduction

The Fourier series of a periodic function can be written exponentially as (see [9, p. 19,

Eq. (2.2)])
o0
inwx, _ 2
f@) =" ae™ (W— T )
n=—00
the coefficients a, and a, are computed by
2 2
1 W —inwt — 1 w inwt
a, = — e"™ft)dt and a,=— e f(t) dt.
T Jo T Jo

Here @, is the complex conjugate of a,,.

The Frobenius—Euler polynomials and the Frobenius—Euler numbers play an important
role in the number of theories and classical analysis. In particular, the Frobenius—Euler
polynomials appear in the integral representation of differentiable periodic functions since
they are employed for approximating such functions in terms of polynomials (see [1, 4—
6, 10, 13, 19]). The Frobenius—Euler polynomials H,,(x; z) in the variable x are defined by
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means of the generating function (see [11, p. 268])

1-u
e —u

when x = 0, H, (1) denotes the so-called Frobenius—Euler numbers. H,,(x; —1) = E, (x) de-

)exz = ZH,,(x; u)%, 2| < |log(w)], W
n=0

notes the Euler polynomials (see [16, 17]).
The Fourier series representation of the Frobenius—Euler polynomials are given by (see
[2, p. 8, Corollary 4])
(Lt _ 1) eZm‘kx

H,(x;u) = —u*n! -
nlox; 1) u wn gz: (27 ik + log(u)]"+!

2)
ifu,e Cwithu#1,andO0<x < 1.

The Frobenius—Genocchi polynomials &Z (x; 4) in the variable x are defined by the gen-
erating function (see [2, p. 3, Definition 3])

[e¢]

(l_u)ze“:Z@i(x;M)%; 12| < [log(@)], (3)

e —u
n=0

when x =0, QB‘; (1) denotes the so-called Frobenius—Genocchi numbers, then the Fourier
series representation of (3) is given by

F (I/t _ 1) . eZm’kx
&, (u)=——u n!é m. (4)

Some authors have proved a Fourier series and integral representations for the Apostol—
Euler polynomials and Apostol-Bernoulli polynomials by using the Lipschitz summation
formula (see [14]). On the other hand, in [3] using the Cauchy residue theorem in the
complex plane, the author proved a Fourier series for the Apostol-Bernoulli, Apostol—
Genocchi and Apostol-Euler polynomials. Other authors revealed a Fourier expansion
for Apostol Frobenius—Euler polynomials and Apostol Frobenius—Genocchi polynomials
(cf. [2]). We recently studied the Fourier expansions for higher-order Apostol-Genocchi,
Apostol-Bernoulli and Apostol—-Euler polynomials (see [8]).

In this paper, we obtained the Fourier expansion of generalized Apostol-type Frobenius—
Euler polynomials and its integral representation to show the explicit formula at rational
arguments for these polynomials in terms of the Hurwitz zeta function. Also, we will show
the integral representation of Apostol Frobenius—Euler, Apostol Frobenius—Genocchi,
Frobenius—Genocchi, Frobenius—Euler polynomials, and give a new representation for
the polynomials of Apostol-Euler and Apostol-Genocchi and some formulas in rational
arguments.

This article is organized as follows. Section 2 contains the basic background about
polynomials of Apostol-type Frobenius—Euler, Apostol Frobenius—Genocchi, Frobenius—
Genocchi, Frobenius—Euler and generalized Apostol-type Frobenius—Euler polynomials
in the variable x, parameters A, u € C, a, b,c € R*.In Sect. 3 are revealed the Fourier expan-
sions for the generalized Apostol-type Frobenius—Euler polynomials, and several corollar-
ies for other families of known polynomials. In Sect. 4, we obtain the integral represen-
tation of generalized Apostol-type Frobenius—Euler polynomials, that is, Theorem 4.1.
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At the same time, we achieved the integral representation of the Frobenius—Euler and
Frobenius—Genocchi polynomials, that is, Theorems 4.2 and 4.3. Also, Sect. 5 secures the
explicit formula at rational arguments in terms of Hurwitz zeta function of generalized
Apostol-type Frobenius—Euler polynomials, that is, Theorem 5.1. Finally, we obtained the
formula in rational arguments for the Frobenius—Euler and Frobenius—Genocchi polyno-
mials, that is, Theorems 5.2 and 5.3, respectively.

2 Background and previous results

Throughout this paper, we use the following standard notions: N = {1,2,...}, Ny =

{0,1,2,...}, Z denotes the set of integers, R denotes the set of real numbers, C denotes the

set of complex numbers. For the complex logarithm, we consider the principal branch.
On the other hand, we have the well-known integral formula (see [15, p. 2198, Eq. (3.2)])

o° n!
/ e dt = e n € No; Re(a) > 0. (5)
0

It is well known that Apostol-type Frobenius—Euler polynomials H,,(x; %; 1) in the vari-
able x are defined by means of the generating function (see [4, p. 164, Eq. (1.1)])

log(%>‘. (6)

The Fourier series representation of the Apostol-type Frobenius—Euler polynomials is

L0\ e s S b, e
e = xul)—, z| <
ref—u o " n!

given by (see [2, p. 5, Theorem 1])

ekax

~1D
H,(x;u;\) = (u )M—xn!z - RN
u P [2mik —log()]"*

7)

Also, the Fourier series representation of Apostol-type Frobenius—Genocchi polynomi-
als is given by (see [2, p. 13, Theorem 11])

(M _ 1) u* ' e27rikx

& (w5 1) = ! .
n(®142) el gzz [Znik—log(%)]”

8)

which makes sense if u,A e Cwithu #1,A #1,u # A and 0O <x < 1.

For parameters A, u € C, u # » and a,b,c € R* whit a # b, of generalized Apostol-type
Frobenius—Euler polynomials are defined by means of the following generating functions
(see [18, p. 9, Definition 4.1]):

a‘ —u > Z"
‘= n\X; 4, b, C; 1)L 0
(Abz—u)cx Zﬁ (x;a,b,c;u )n! lz] <

n=0

log(%)
Inb

, )

if x = 0 in (9) then we get 9,(a, b, c;u; 1), which denotes the generalized Apostol-type
Frobenius—Euler numbers (see [18, p. 9]).

For n=0and a,b € R*, whita # b, u, > € C with u # A it is then true that $,(a, b; u; 1) =
i’TZ. For n > 0 we have (see [18, p. 10, Theorem 4.2])

A(Inb + $H(a, b; u;k))n —uS(a, b;u; 1) = (Ina)”.
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As an example, the generalized Apostol-type Frobenius—Euler numbers and polynomi-
als are (with the help of MAPLE) as follows.
The generalized Apostol-type Frobenius—Euler numbers:

1—
$Hola, b;u; 1) = a
A—u
Ina—-Xlnb
i A) = ————y
Hi1(a, b u; 1) (- u)
(Ina)? — A(Inb)? Ina—XAlnb
) = A lnb—————
9o(a, by u; \) ) nb P

The generalized Apostol-type Frobenius—Euler polynomials:

1-u
Holwsa,b,c;u; 1) = P

Inc(l-u) Ina-Alnb

u
sa,b,cu; ) = —
D1 a,b,c;u;)) =x % + G —w

’

$2(x5a,b,c;u; 1)

, (Inc)*(1 - u) Ina—Alnb (Ina)? - A(lnb)? Ina—Xlnb
=x"—— —2xInc + -2 Inb————
A—u (A —u) (A —u) (A —u)?

These polynomials are commonly said to be of Euler type, and they have been studied by
various authors in different applications of practical importance (see [1, 12, 21]).
On the other hand, the Hurwitz—Lerch zeta function ®(z,s, ) is defined as (see [15, p.
296, Eq. (4.1)])
oo n

z
dD(z,s,a):Z—s, acC\Zy;seCwhenlz|<1 (10)
o (n+a)

and Ne(s) > 1 for every |z |= 1.
For z = 1 in (10) we have the Hurwitz zeta functions

1
é'(S,(l) = (b(lls’a) = NS (11)
; (n+a)

Recently, there was defined a new family of Lerch-type zeta function, interpolating a cer-
tain class of higher-order Apostol-type numbers and Apostol-type polynomials (cf. [20]).
We will use (10) and (11) in Theorems 5.1 and 5.2.

3 Fourier expansion of generalized Apostol-type Frobenius-Euler polynomials
Halx,a,b,cu;A)

In this section, we get the Fourier expansions for the generalized Apostol-type Frobenius—

Euler polynomials.

Theorem 3.1 Let u,A € C\{0;1}u # L and a,b,ce R*",1<a<11,b>1,1<c<e0<x<
0.9, we have

Hu(a,b,6u;1) = ni(inb)" | — 2 : (12)
A . ayatl
“ tez [2mki —log (%)]
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a‘-u z

Proof First we consider f,(z) = z”*l o

and the following integral:

Lﬂwﬂ, (13)

over the circle C = {z: |z]| < (2N + ¢)mr and ¢ € R, (emri &+ log(%) #0 (mod 27i))}.
The poles of the function f,(z) are given by

2w ki — log(%)

, Z.
Inb ke

Zk =

With z = 0 a pole of order # + 1. From the Cauchy residue theorem we have (see [7, p. 112,
Theorem 2.2])

ff,,(z )dz = 2nz{Res(f (2),2=0) ZRes(f ,Z= zk)} (14)

kel

We calculate Res(f,(z),z = 0) and Res(f,(z),z = zx) as follows (see [7, p. 113, Proposi-
tion 2.4]):

Res(f (2),z = O) l l'j |:(z—0)”4rl — Zﬁm (x,a,b,c; u,k)—:|

m=0

= lim — Zﬁm(x,a,b c,u,k)

z—0 71! (m —n)!
_ Salwabcu;1)
N n! ’
Also
a‘t—-u
R Z= = 1 _ —(n+1) Z
es(fu(2),z = z) Zir)r;k(z z1)(2) Y uc"
Z—2zx

= 1 (a® — u)c™ lim

2 eon A —u
1 2 kxi-log(%) 2mkxi+log(5)” 1
= ——|(a Inb — u)c Inb D ——————
2nkxi—]og % il 2ﬂkxi—10g(%)
[ Inb ] Ab Inb Inb

So, in (14) we have
n ] ;by ; ;)\-
/ﬂ@ﬁ:%4ﬁﬁz_izj
C n!

2mksi-log( ) 2mksirlog(§)*

(a Tnb —u)c b 1
£y .
2 kxi-log(2) 2 kxi-log(%)
b A

keZ [ las we o Inb

Inb
Taking N — oo it becomes [_.f,(z) dz = 0. So we have

[ 277 ki log(ﬁ) ] 2mkxi

u\x a Inb —u|c b

On(x,a, b, ¢;u5 1) = —nlc°2) o e = . (15)
kel [M]nﬂ)\b Og

z Inb

n (15), as a, b, ¢, are expressed in terms of exponential, we complete the proof. O
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Corollary 3.1 Let u,h € Cwithu #1,A L, u#x1;0<x<landa=1,b=c=e, we have

(u _ 1) P eZm'kx

—n!

X 'kEZZ [2mik — log(%)]”+1 '

Ol 1 e, e5u7) = Halx; ;1) = (16)

This is the Fourier expansion for Apostol-type Frobenius—Euler polynomials (see [2, p. 5,
Theorem 1]).

Corollary 3.2 Let u,h € Cwithu #1,A=1Lu#x10<x<landa=1,b=c=e, we have

e2r[ ikx

Z [27ik + log(u)]+L’

keZ

Al 1e,6u;1) = Hnlx, 1, u) = Halx, u) = w ; l)uxn!

(17)

This is the Fourier expansion for Frobenius—Euler polynomials obtained in (see [2, p. 8,
Corollary 4]).

Corollary 3.3 Let u,h € Cwithu #1L,u #1;0<x<l;a=1,b=c=eu=-1, we have

e(2k—1)nikx

)i —log(a)]™t"

Hulx, 1,€,6;-1;1) = Hy (3,1, ~1) = Eq (1) = 2! Y [0k = (18)
keZ

This is the Fourier expansion for Apostol—Euler polynomials (see [14, p. 2196, Eq. (2.8)]).

4 Integral representation of the generalized Apostol-type Frobenius—Euler

polynomials
In this section, we will show the integral representation of generalized Apostol-type

Frobenius—Euler polynomials.

Theorem 4.1 Forne Nand 0<x<0,9, |S|<%,§eR,a,b,ceR+,1§a§ 1,16 > 1 and

l<c<e,

00 D(n;x, V)(e2n(v—ixlll‘1‘—g)62§nv + e—2érrv)

0 cosh 2w v — cos an::—z

sﬁn(x; a,b,c;u; —uez’”é) = ®|: V! dv]

o 1B, v)(€XTV ) g2y _ g2y
+o[/ iB(; %, v)(e G )V"dv}, )
0 cosh2mv — cos ZNxﬁ
where
—2ixg 2 Ina
@zl(lnb)n u-—e mxslnb(—l)lnb e—@f”ix%‘[}—f}),
2 u
1 1 1 )
D(n;x,v) = | €"¥ cos nxﬂ— (+ D + e cos nx£+u )
Inb 2 Inb 2
In +1 In ‘1
B(n;x,v) = | €"”sin nx—c— (n + e —e™sin nx—c+ (n+ )7 .
Inb 2 Inb 2

Proof From (12) and taking A = —ue*™, k — —k we have

(% a,b,cu; —uezﬂié)

Page 6 of 14
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_ 2w e 1
— (lnb)n u-e ! b( 1)1 b e—nix]lr'l'—ze—ZﬂiéxI]‘;—z Vl
u (_7.”)n+1
—27ikx IC
e Inb
X _—, 20
keZZ [2k +2& + 1)1 20)
using (5) and
n+l X
(__1> — 6@; (_1)(n+1) — e—(n+1)m"
i
we have
O (x, a,b,cu; _uezms)
u-—- e—Znixf}E—Z (—1)1272 (ln b)n nd Inc Inc  Incy_-: o
_ : Ze—(ka +2§m+m)nzx/ tne—(2k+25+1)t dt
u (=il o
k=0
c e In In
u—e g (~1)b | (Inb)” el
+ ——(-1)
u (= i)+
o o)
% Ze(zk};‘—g—zg};‘—g—}g—g)mx/ o (2k-26-1)t 7
k=0 0
Thus,
On (x, a,b,c;u; —uezmg)
e | 1 . Inc |
~ u— e—meEﬁ (_1)% (lIl b)ne—ZSmxl;‘—h [e'e) e—rnxﬁ e(l_zg)ttn o
- (- ')”*1 —2mixlne
u T 0 ex_e Inb
-2 'xSl"—” Ing —2& j lnc —ixine
u—e % b (=1)mb | (Inb)"e =" *inb _qye R e Ty (4260
+ — (-1) —e t" dt,
u (~mi) 0 o2 _ g¥TixT

then

An(xa,b, ¢ u;—ue™™™)

“wth

(n+)mi
e 2

.. Inc
U(tx,; b, c)e™*mb e~ E-DEgn gy

e—Zt)

. Inc
o0 —(n+)mi (ezmxlTh -
+ € > Inc
0 cosh(2t) — cos(2m x5

where

O(t;x,5b,¢) =

. Inc
e—3ﬂzx—lnbe(2$+3)ttn dt},
Inb

(€—2nix|1;‘—z _ e—2t)

cosh(2t) — cos(2mx

and

: e Ina Ina
2mixg b (_1) b

Inc
ing)

1 u—e
= —(Inb)"
S 2(nb)[ »

i|e—(2é7rix11;‘—z)'

Page 7 of 14
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(n+)mi

With i1 = e~ 2, (~1)"*! = e~ "*U7i and making the substitution ¢ = v and simplifying,
we complete the result. d
1

Corollary 4.1 Forn e Nand 0 <x <1, || < 3, € R, a=1, b = c = e, we obtain the

integral representation for the Apostol-type Frobenius—Euler polynomials:

u=1 ,-2&mix oo . 27 (v—ix) ,26u —2&mv
. e D(m;x,v)(e e +e
(x5 1, e, €5 —ue™™) = - / %V Vv ay
2 0 cosh2mv —cos2wx
u_—le—Zénix [} iB(I’l;X, V)eZJ'r(v—ix)e2Eﬂv _ 6—25111/)
+ L / Vidvy,
2 0 cosh2mv—cos2mx
where
n+1)mw n+1)w
D(n;x,v) = [e’”’cos <nx - !> —e " cos (nx + !>],
2 2
n+1l)mw n+1)mw
B(n;x,v) = |:e”" sin(nx - %) —e ™ sin(nx + %)}

Corollary 4.2 ForneNand 0 <x <1, |§|<%,SE]R,uzl,b:c:eu:—l,wehave

) ) =) X,V e2n(v—ix)62§nv + e—2§7rv
ﬁn(x; 1131 e _1;627'”5) — e—Zme / ( )( )Vn dv
0 cosh2mv — cos 2mx
) % ;B %,V eZn(v—ix)eZEnv _ e—ZEnv
+ e—2§mx / L ( ) )V” dv?,
0 cosh2mv—cos2mx
where
n+1)mw n+1)mw
D(n;x,v) = [e’” cos <nx - %) —e ™ cos (ﬂx + %)],
n+1)w n+1)m
B(n;x,v) = |:e”" sin(mc - %) —e sin(nx + %)}

The result obtained in Corollary 4.2 is a new integral representation for the Apostol—
Euler polynomials §,,(x; 1, e, e;—1;€2™%) = &, (x; €¥™).
Next, we obtain the integral representation of Apostol-type Frobenius—Genocchi poly-

nomials.

Theorem 4.2 ForneN,0<x<1,|&|<1/2,& € R, we have

&F (51 —ue®™ )

u—1 fe—Zgnix /oo Dl (n;x, V)(e2ﬂ(v—ix)62§ﬂv + 3—25111/)
u |2 0 cosh2mv —cos2mwx

; . 271 (v—ix) ,2 -2
+ u-1 Ee—ZEm’x /oo iBy(m;x,v)e TRy e EJTV) VL dy ’
u |2 0 cosh2mv —cos2mx

Yl dv}

where

ni nir
Dy(n;x,v) = [e”"cos(rrx— 7) - e‘”cos(nx + 7>:|,

Page 8 of 14
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Bi(m;x,v) = [e” sin(nx— %) —e sin(nx + %)}

Proof Considering (8), A = —ue® %, k —> —k, then

& F( 2711'&‘) u-1 —mix —2mix n! § e—27rikx
X; U; —UE =|—1€ e .
" u (-miy &= [2k + 26 + 1]

Using (5), and noting that = = ¢"™/2, (~1)" = ™™/, then we have

u-1 n > o
@nF (x; u; _ueZTrlé) _ |: :| {Z e—(2k+2§+1)mx / tn—le—(2k+2§+l)t dt
0

—zi)
u | (-mi) P

o o)
+ (_l)n Z e—(—2k+2§+1)m’x/ tn—le—(Zk—ZE—l)t dt}

k=0 0

—(2&+1)mi.
- [“‘1}( e {/OO e B e gy
0

u - l)n eZt _ e—2m’x

o0 e(25+1)m’x 2t (1426}t )
n + n—
+(-1) /(; g ezmxe e t dt}

. ~27i -2
_lfu-tim /ooe% (e —e™) o i% (25Dt yn-1 gy
u 0 cosh2t — cos2mx

oo . 27 ix —2t
+/ 6% (6 —€ ) e—3nixe(2§+3)ttn dr!.
0 cosh 2t — cos2mx

Using (_il.)” = ¢ and (=1)" = e™*, making the substitution ¢ = wv and simplifying, we

complete the proof. d

Corollary 4.3 ForneN,0<x<1,|§|<1/2,§ € R, and u = -1 we have

. 27t (v-ix) ,2 -2
®F(x;_1;ezm‘s) _ ne’ZEJ”" /00 D1(n,x, V)(e 77 (v zx)e Emy te énv) anl o
" 0 cosh2mv —cos2mx

) > ;B nx,v eZn(v—ix)e2$7rv _ e—Z&Jrv
" ne—Zémx / 1( ) )Vn—l dvt,
0 cosh2mv —cos2mwx

where

Dy(m;x,v) = [e”"cos(nx— %) —e"”cos(nx+ %)}
nmw o
Bi(m;x,v) = [e”" sin(nx— 7) —e™ sin(nx + 7):|

The result obtained in Corollary 4.3, is the integral representation for the Apostol—-

Genocchi polynomials.

Theorem 4.3 ForneN,0<x<1,|&|<1/2,& € R, we have

e2§7rix /oo Dg(l’l;x, V)(enixe%,fnv + e—m’xe—Zénv)
2 0 cosh2mv —cos2mwx

ﬁn(x; 627”'5) = [1 - e‘2g”i] V" dv}
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—2ETi . . ix ,2 —TTix ,—2,
N [1 ~ e—2§m’] e Emix /-oo le(l’l,x, V)(emxe Emv _ e Tixg Errv) S ,
2 0 cosh2mv—cos2mx

where
y (n+1)m oy (nm+1)m
Dy(m;x,v) = | € cos| mx — ——— | —e "V cos| mx + ,
2 2
. (n+m o (n+ 1w
By(m;x,v) = | € sin| wx — — +e Vsin| Tx + 5 .

Proof Returning to (17), setting u = €*™%, k —> —k and using the well-known integral
formula (5), we complete the proof. d

Theorem 4.4 ForneN,0<x<1,|&|<1/2,& € R, we have

Qﬁf; (x; ezm‘s)

O L /w Da(ma v)(emre* ™ e mire )
2 0 cosh2mv —cos2mx

—2Emix 0 . Tix 26wy _ ,—wix ,—2Emy
[1-e%] ne / iBs(n;x,v)(e" e e e )V”’l a),
2 0 cosh2mv —cos 2mwx

where

Ds(nx,v) = [eﬂvcos(nx— %) —e’”cos(nx+ %)}
T
Bs(m;x,v) = |:e”" sin(nx— %) +e sin<nx + %)]

Proof Returning to (4) and setting u = e*, k —> —k and using the well-known integral
formula (5), we complete the proof. d

5 Explicit formulas for the generalized Apostol-type Frobenius-Euler
polynomials at rational arguments

In this section, we show the formula in rational arguments of generalized Apostol-type

Frobenius—Euler polynomials, Apostol Frobenius—Euler polynomials, Apostol Frobenius—

Genocchi polynomials, Frobenius—Genocchi polynomials, Frobenius—Euler polynomials.

Theorem 5.1 Forn,q e N,p € Z, u € C, with Reu #1, £ e R,|§|<1,1<a <11,b>
1 and 1 < ¢ < e, we have the formula for the generalized Apostol-type Frobenius—Euler
polynomials at rational arguments given by

Sn (E;a, b,c;u; —uez’”E)
q

n! i 2j + 26 — 1\ () Z+2%+0p] bog
=A,,,(6l,b u Z;( &) B i Inb yr
2q7T n+1 = q

2 =26 =3\ (e @7%Srig
+ L, 2272 7 ,
ZC(” 2q )

j=1
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where
i }"—‘b’
A, (abu) = (lnb)”[u}.
u

Proof From Eq. (12) and

(n+)mi
2

we get

n(xsa,b, ¢;u; 1)

Ind o ((Lﬂ)n—anxlfl‘—c)i
— }’l'(ll’lb)n( ) [&} n+1 Z e 2 Inb
A u [2mk+log( )]+l

Inc Ina n+l Inc
b [y — (%) Inb () 2mke g )i
+nl(In b)"(z) [7(*) ]i"” ¢ (21)
A u oy [2mk—log( )]t |

[

The result shown below is equivalent to (21):

Hnlsa,b,cu5 1)

Ing Ing Inc
b [y — (%) Inbd i (B )7 —(2k-2) B¢ 7 )i
=n!(Inb)" (E) [7(’\) :|i’”rl E ¢
A u < [2mik - 27i +log(%)]!

Inc Ina n+l Inc .
*mb [y — (4)nb S ((—T)n+(2k—2)—nx)l
+ n!(lnb)"(z> [—(A) ]i"*l E - (22)
A u < [2mik - 2mi— log( )]

Thus, according to Eq. (10) and by the elementary identity

=3} I o0
D k)= flk+j), leN, (23)
k=1 j=1 k=0

(see [14, p. 2202, Eq. 4.12]) we find the formula

Hnsa,b,cu; 1)

= (111[9)}’1()\) it [” (u)l"b]

l ” A
ne 27ji + log(%)
1) —217Tx]1nbl 1, u
(27”l)n+1 {]2: (e n+ 427”,1 )r

27T]l log( ) —(n+)m Inc

2l L 7 27X 0 42 x E )

+ lnb n+ 1, _— bt lnb 24

Z ( 2mil ) @4
(n+1)m nc

where 7 = el 2 Rraf - Yra )i . Setting A = —ue¥E x = —,l = ¢q in (24), the proof of The-

orem 5.1 is completed. O

Page 11 of 14
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Corollary 5.1 Forn,ge N,p e Z, ucC, withReu #1,§ eR,|§|<l,anda=1,b=c=
e we have the following formula at rational arguments for the Apostol Frobenius—Euler
polynomials:

S <Ij; Leeu; —uezm’g>
q

u—1 nl 1 2/ +26 -1 () @iy,
= B —— q
[J@qnyn{&( )
] 25 3 n+1 2] 25—3)11)7”
1, ——— a .
+ Z ¢ (n + 5

j=1 1

Theorem 5.2 Forn,qeN,p € Z,u € C,withNeu #1,& € R, |&| < 1, we have the following
formula at rational arguments for the Apostol Frobenius—Genocchi polynomials:

q ) ,
S (L —ue?™ ) = | X2 1~ > ¢(n, Y263 (g
1 u (2gm)" ) 2q
+ZC< —2}+2§'—1) (2/+;E)p+g)m.}.

Theorem 5.3 Forn,gqeN,p e Z,& €Z,u € C, || < 1, we have the following formula at

rational arguments for the Frobenius—Euler polynomials:

q . .
9o Ziei) < [1- ] LY g (et LEESR )
q (2qm)t [ q
q . .
—& = (2j-28- n+ .
eI el
1 24

Theorem 5.4 Forn,qe N,peZ,ucC,withReu#1,£§ € R, |&| < 1, the following formula
at rational arguments of Frobenius—Genocchi polynomials:

P ooxi 27” ] + g -1 7(2”25_1)1’—4)7”'
)t g
" \q [ (2qn Zg
-1 _ (& 2$ 1) n
+ Zf(n,} 5 > N )m}

For the proof of Theorems 5.2, 5.3 and 5.4 we use (8), (2) and (10), (4) and the identity (23).

6 Conclusions

In this article, we showed the Fourier series representation of generalized Apostol-type
Frobenius—Euler polynomials by using the proof of the Cauchy residue theorem. The re-
sult presented generalizes several Fourier series representations for polynomial families
known to date. Also, we proved an integral representation for this and other known poly-
nomial families. Finally, we presented the explicit formula in rational arguments in terms
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of the Zeta Hurwit Lerch and Zeta Hurwit functions for the generalized Apostol-type
Frobenius Euler polynomials also said to be of Euler type.
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