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The main goal in this paper is to study asymptotic behavior in Lp(RN ) for the 
solutions of the fractional version of the discrete in time N -dimensional diffusion 
equation, which involves the Caputo fractional h-difference operator. The techniques 
to prove the results are based in new subordination formulas involving the discrete in 
time Gaussian kernel, and which are defined via an analogue in discrete time setting 
of the scaled Wright functions. Moreover, we get an equivalent representation of that 
subordination formula by Fox H-functions.
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1. Introduction

One of the most important aspects in the study of evolution problems is the asymptotic behavior of 
solutions. In particular, since J. Fourier introduced the classical heat equation ut = Δu in 1822, see [19], 
to model diffusion phenomena, several authors have invested their time and effort in researching the large 
time behavior of diffusion processes. For example in [13,17,21,28,37] the authors studied large-time behavior 
and other asymptotic estimates for diffusion problems in RN , and in [12,20] for open bounded domains. 
Estimates for heat kernels on manifolds have been studied in [25,29,11], and in [36] the author obtained 
Gaussian upper estimates for the heat kernel associated to the sub-laplacian on a Lie group.

In the past few years, the connection is well recognized between fractional calculus related to evolution 
problem and partial differential equations. Recently, from different points of view, asymptotic estimates of 
solutions of fractional diffusion phenomena have been stated in [1,26]. In particular, in [1] the authors use 
subordination formulas as the main tool, however in [26] the authors work directly with estimates of the 
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fractional fundamental solution. We propose to use both tools for our aims, as we will see throughout the 
paper.

On the other hand, finite differences were introduced some centuries ago, and they have been used 
in different mathematical problems, mainly in approximation of solutions of differential problems for the 
numerical solution of differential equations and partial differential equations. The most knowing ones are the 
forward, backward and central differences (the forward and backward differences are associated to the Euler, 
explicit and implicit, numerical methods). In the last years, several authors have been working in partial 
difference-differential equations ([2–4,9,10,31,32]) from the point of mathematical analysis, more precisely, 
harmonic analysis, functional analysis and fractional differences. These last ones, fractional differences, are 
nowadays a topic of important research, see for example [2,23,30,31,35,38] and references therein. Several 
aspects of such problems have been studied in those papers: maximal regularity, stability, fractional discrete 
resolvent operators, among others.

The main goal in this paper is to study asymptotic decay and large time behavior on Lp(RN ) of solutions 
of the following fractional discrete in time heat problem, as the authors in [2] do in the classical case (α = 1). 
We consider ⎧⎪⎨⎪⎩

Cδ
αu(nh, x) − Δu(nh, x) = 0, n ∈ N, x ∈ RN ,

u(0, x) = f(x),
(1.1)

where 0 < α ≤ 1, Cδα is the Caputo fractional h-difference operator (Section 3), Δ denotes the Laplace 
operator acting in space, u is defined on Nh

0 ×RN and f is a function defined on RN . We use subordination 
formulas to write the solution of the previous problem. Indeed we will write the solution

u(nh, x) =
∞∑
j=1

ϕh
α,1−α(n− 1, j − 1)(Gj,h ∗ f)(x),

where Gj,h is the discrete Gaussian kernel associated to the discrete in time heat problem given in [2], and 
ϕh
α,β is the discrete scaled Wright function (which is introduced in Section 4):

ϕh
α,β(n, j) := 1

2πi

∫
Υ

1
zn+1

(
1 − h(1−z

h )α
)j

(1−z
h )β

dz, n, j ∈ N0, β ≥ 0.

Note that it is a generalization of one given in [7].
Previous subordination formula and the known results about the classical case (α = 1, see [2]) are the 

key tools to study the decay and the asymptotic behavior on Lp(Rn) for the solutions of (1.1).
The paper is organized as follows. In second section we revisited known useful results for our aims. We 

recall the concept of Wright functions, which plays a key role in the subordination formulae for resolvent 
families in the continuous case, and whose properties help us to study important results for the discrete 
setting. Also, we present basic properties for the discrete Gaussian kernel in RN (solution of (1.1) for α = 1).

Section 3 is devoted to state our fractional discrete setting. We consider the classical backward difference 
on the mesh of step h > 0. This difference allows to consider adequate notions of discrete fractional sum, 
and discrete fractional difference in the Riemann-Liouville and Caputo sense, for our purpose. Several useful 
properties will be shown.

In Section 4 we introduced the Mittag-Leffler sequences which are the solutions of (1.1) in the scalar case. 
Such Mittag-Leffler functions motivate the study of the Wright functions in the discrete setting, which are 
one of the key tools in this paper. Proposition 4.3 contains many properties of both type functions, and the 
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relations between them. Such result can be considered the analogue one to [5, Theorem 3] in the continuous 
case.

In Section 5 we focus on the study of the fundamental solution of (1.1). We prove by the subordination 
formula given by the discrete heat kernel and Wright functions that, in fact, the integral defined by such 
subordination formula is the solution. One of the flashy facts of the subordination formula proposed (see 
(5.2)) is its relation with the Gaussian kernel and the Fox H-function, as Proposition 5.2 and Proposition 5.3
show. Also we state basic properties of the fundamental solution. One of them is that the integral over RN

of the fundamental solution is 1, which gives directly the mass conservation principle for solutions of (1.1).
Section 6 contains the asymptotic Lp-results. We state the Lp-decay for the fundamental solution and its 

gradient. These decay bounds allow to get the Lp-decay for the solution of (1.1) (Theorem 6.2), and also 
the large time behavior. In this asymptotic behavior is reflected the mass conservation principle because 
the solution converges to the total mass times the fundamental solution (see Theorem 6.5).

2. Preliminaries

2.1. Continuous fractional calculus

In this part, we recall some concepts and basic results about fractional calculus in continuous time. Let 
0 < α < 1 and f be a locally integrable function. The Riemann-Liouville fractional derivative of f of order 
α is given by

RD
α
t f(t) := d

dt

t∫
0

(t− s)−α

Γ(1 − α) f(s) ds, t ≥ 0.

The Caputo fractional derivative of order α of a function f is defined by

CD
α
t f(t) := 1

Γ(1 − α)

t∫
0

(t− s)−αf ′(s) ds, t ≥ 0,

where f ′ is the first order distributional derivative of f(·), for example if we assume that f(·) has locally 

integrable distributional derivative up to order one. Then, when α = 1 we obtain CDα
t := d

dt
. For more 

details, see for example [33,34].
The Mittag-Leffler functions are given by

Eα,β(z) :=
∞∑

n=0

zn

Γ(αn + β) , α, β > 0, z ∈ C.

We write Eα(z) := Eα,1(z). They are solutions of the fractional differential problems

CD
α
t Eα(ωtα) = ωEα(ωtα),

and

RD
α
t

(
tα−1Eα,α(ωtα)

)
= ωtα−1Eα,α(ωtα),

for 0 < α < 1, under certain initial conditions. For ω > 0 the following property holds
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∞∫
0

e−λttβ−1Eα,β(ωtα) dt = λα−β

λα − ω
, Re(λ) > ω

1
α , ω > 0.

For more details about the Mittag-Leffler function Eα,β see [15, Chapter 18].
Recall the definition of the Wright type function (see [33])

Wλ,μ(z) =
∞∑

n=0

zn

n!Γ(λn + μ) = 1
2πi

∫
Ha

σ−μeσ+zσ−λ

dσ, λ > −1, μ ≥ 0, z ∈ C,

where Ha denotes the Hankel path defined as a contour which starts and ends at −∞ and encircles the 
origin once counterclockwise.

For 0 < α < 1 and β ≥ 0, the scaled Wright function in two variables ψα,β (and which was introduced 
by Abadias and Miana in [5]) is given by

ψα,β(t, s) := tβ−1W−α,β(−st−α), t > 0, s ∈ C. (2.1)

Note that using the change of variable z = σ
t , we get the integral representation

ψα,β(t, s) = 1
2πi

∫
Ha

z−βetz−szα

dz, t, s > 0.

Many properties about such functions that we will use along the paper appear in [5].

Next, we recall the definition of Fox H-funtions. Let m, n, p, q ∈ N0 such that 0 ≤ m ≤ q, 0 ≤ n ≤ p. 
Let ai, bj ∈ C and αi, βj ∈ R+. The Fox H-function is defined via a Mellin-Barnes type integral,

Hmn
pq (z) := Hmn

p,q

[
z

∣∣∣∣∣ (ai, αi)1,p
(bj , βj)1,q

]
= 1

2πi

∫
γ

Hmn
pq (s)z−s ds,

where

(ai, αi)1,p := (a1, α1), · · · , (ap, αp),

(bj , βj)1,q := (b1, β1), · · · , (bq, βq),

Hmn
pq (s) =

m∏
j=1

Γ(bj + βjs)
n∏

i=1
Γ(1 − ai − αis)

p∏
i=n+1

Γ(ai + αis)
q∏

j=m+1
Γ(1 − bj − βjs)

,

and γ is the infinite contour in the complex plane which separates the poles

bjl = −bj − l

βj
(j = 1, · · · ,m; l ∈ N0)

of the Gamma function Γ(bj + βjs) to the left of γ and the poles

aik = 1 − ai + k

αi
(i = 1, · · · , n; k ∈ N0)
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to the right of γ. For more details of this type of functions, see [27].

Finally, we recall that the Gaussian kernel Gt(x) is defined by

Gt(x) = 1
(4πt)N/2 e

− |x|2
4t , t > 0, x ∈ RN . (2.2)

Let

û(ξ) = F(u)(ξ) = (2π)−N/2
∫
RN

e−ix·ξu(x)dx

and

F−1(u)(ξ) := F(u)(−ξ)

denote the Fourier and inverse Fourier transform of u, respectively.
The function Gt(x) has the following properties (see for example [18]).

Proposition 2.1. The Gaussian kernel satisfies:

(i) Gt(x) > 0.
(ii)

∫
RN

Gt(x) dx = 1.

(iii) F(Gt)(ξ) = e−t|ξ|2 , ξ ∈ RN .
(iv)

∫
RN

|x|2Gt(x) dx = 2Nt.

2.2. Discrete diffusion equation

In [2], for h > 0 the authors defined the heat kernel in discrete time on the mesh of step h as

Gn,h(x) := 1
hnΓ(n)

∞∫
0

e−t/htn−1Gt(x) dt, n ∈ N, x ∈ RN \ {0}. (2.3)

Moreover, they proved the following proposition.

Proposition 2.2. The function Gn,h satisfies:

(i) Gn,h(x) > 0, n ∈ N, x ∈ RN \ {0}.

(ii)
∫
R

Gn,h(x) dx = 1.

(iii) F(Gn,h)(ξ) = 1
(1 + h|ξ|2)n , ξ ∈ RN .

(iv) Gn,h(x) − Gn−1,h(x)
h

= ΔGn,h(x), n ≥ 2, x ∈ RN \ {0}.

Next, given a function f defined on RN and h > 0, Abadias and Alvarez proved (see [2]) that w(nh, x) :=
(Gn,h ∗ f)(x) is the unique solution of the problem
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⎧⎪⎪⎨⎪⎪⎩
w(nh, x) − w((n− 1)h, x)

h
= Δw(nh, x), n ∈ N, x ∈ RN \ {0},

w(0, x) = f(x).

(2.4)

3. Discrete fractional calculus

In this section we recall the definition of Cesàro numbers and some useful properties of them. Also, we 
introduce the discrete time setting where we will work, and the corresponding associated fractional calculus.

For an arbitrary α ∈ C, we denote by kα(n) the Cesàro numbers which are the Fourier coefficients of the 
holomorphic function on the disc (1 − z)−α, that is,

1
(1 − z)α =

∞∑
n=0

kα(n)zn. (3.1)

It is known that the expression of the Cesàro numbers is given by

kα(n) :=

⎧⎪⎪⎨⎪⎪⎩
α(α + 1) · · · · · · (α + n− 1)

n! , n ∈ N,

1, n = 0.

(3.2)

Note that k0(n) := δ0(n) is the Kronecker delta. Sometimes, to make more easily computations with the 
Cesàro sequence kα for α ∈ C \ {0, −1, −2, ...}, we use an equivalent expression of (3.2), namely

kα(n) = Γ(n + α)
Γ(α)Γ(n + 1) , (3.3)

where Γ(·) is the gamma function.
We recall the following properties of kα, which appear for example in [22,31,39].

Proposition 3.1. The following properties hold:

(i) For α > 0, kα(n) > 0, n ∈ N0.
(ii) For all α, β ∈ C, we have the semigroup property

n∑
j=0

kα(n− j)kβ(j) = kα+β(n). (3.4)

(iii) For α > 0,

kα(n) = nα−1

Γ(α)

(
1 + O

(
1
n

))
, n ∈ N. (3.5)

(iv) For α > 0

kα(n + 1) = α + n

n + 1 k
α(n). (3.6)

Let h > 0 and f be a sequence defined on Nh
0 := {0, h, 2h, . . .}, the backward difference of the sequence 

f is defined by
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δleftf(nh) := f(nh) − f((n− 1)h)
h

, n ∈ N.

Taking into account the previous definition, we get the following result.

Proposition 3.2. Let 0 < α < 1 and ρα(nh) := hαkα(n). Then,

δleftρα(nh) = hα−1kα−1(n), n ∈ N.

Proof. By (3.6) and the property of Gamma function zΓ(z) = Γ(z + 1) the result follows. �
The definitions of the fractional sum and fractional difference operators (in the sense of Riemann-Liouville 

and Caputo) with the sequence kα were initially proposed by C. Lizama in [30]. Recently, R. Ponce in [38]
defines a generalization. We make a slightly modification (since our index starts at one) to this definition.

Definition 3.3. Let f be a sequence defined on Nh
0 . For α ≥ 0, the α-th fractional sum of f is defined by 

means of the formula

δ−αf(nh) := hα
n∑

j=1
kα(n− j)f(jh), n ∈ N.

Note that, for α = 0, δ−αf(nh) = f(nh).

As a direct consequence of the previous definition, the operator δ−α satisfies the semigroup property:

δ−αδ−βf(nh) = δ−(α+β)f(nh), n ∈ N.

Definition 3.4. Let 0 < α < 1 and f be a sequence defined on Nh
0 . The α-th fractional h-difference in the 

sense of Riemann-Liouville of f is defined by

RLδ
αf(nh) := δleftδ

−(1−α)f(nh), n ∈ N. (3.7)

Proposition 3.5. For 0 < α < 1 the relation

δ−α
RLδ

αf(nh) = f(nh), n ∈ N,

holds.

Proof. First of all, we adopt the notation: 
∑0

j=1 f(jh) = 0. Then, by (3.4), we get

δ−α
RLδ

αf(nh) = hα
n∑

j=1
kα(n− j)RLδ

αf(jh)

= hα
n∑

j=1
kα(n− j)δleftδ−(1−α)f(jh)

= hα−1
n∑

j=1
kα(n− j)δ−(1−α)f(jh) − hα−1

n∑
j=1

kα(n− j)δ−(1−α)f((j − 1)h)

=
n∑

kα(n− j)
j∑

k1−α(j − i)f(ih) −
n∑

kα(n− j)
j−1∑

k1−α(j − 1 − i)f(ih)

j=1 i=1 j=1 i=1
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=
n∑

j=1
kα(n− j)

j∑
i=1

k1−α(j − i)f(ih) −
n∑

j=2
kα(n− j)

j−1∑
i=1

k1−α(j − 1 − i)f(ih)

=
n−1∑
j=0

kα(n− 1 − j)
j∑

i=0
k1−α(j − i)f((i + 1)h)

−
n−2∑
j=0

kα(n− 2 − j)
j∑

i=0
k1−α(j − i)f((i + 1)h)

=
n−1∑
j=0

f((i + 1)h) −
n−2∑
i=0

f((i + 1)h) = f(nh).

Consequently, we have δ−α
RLδ

αf(nh) = f(nh) for all n ∈ N. �
Definition 3.6. Let 0 < α < 1 and f be a sequence defined on Nh

0 . The Caputo fractional difference of order 
α is defined by

Cδ
αf(nh) := δ−(1−α)δleftf(nh), n ∈ N. (3.8)

Note that the previous definition gives Cδα = δleft for α = 1.
The next result shows the relation between Caputo and Riemann fractional difference.

Proposition 3.7. Let 0 < α < 1. Then the following identity holds

Cδ
αf(nh) = RLδ

α(f(nh) − f(0)), n ∈ N.

Proof. By (3.8) and (3.7),

Cδ
αf(nh) = h1−α

n∑
j=1

k1−α(n− j)δleftf(jh)

= h−α
n∑

j=1
k1−α(n− j)f(jh) − h−α

n∑
j=1

k1−α(n− j)f((j − 1)h)

= h−α
n∑

j=0
k1−α(n− j)f(jh) − h−α

n−1∑
j=0

k1−α(n− 1 − j)f(jh) − h−αk1−α(n)f(0)

= h−α
n∑

j=0
k1−α(n− j)f(jh) − h−α

n−1∑
j=0

k1−α(n− 1 − j)f(jh))

−h−αf(0)

⎛⎝ n∑
j=0

k1−α(n− j) −
n−1∑
j=0

k1−α(n− 1 − j)

⎞⎠
= h−α

n∑
j=0

k1−α(n− j)(f(jh) − f(0)) − h−α
n−1∑
j=0

k1−α(n− 1 − j)(f(jh) − f(0)). �

Corollary 3.8. Let 0 < α < 1 and f be a sequence defined on Nh
0 . Then the following identity holds

δ−α
Cδ

αf(nh) = f(nh) − f(0).
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Proof. The result is immediate by Propositions 3.5 and 3.7. �
The Proposition 3.7 allows to establish the following property between the fractional difference operators.

Proposition 3.9. For all 0 < α < 1 and 0 ≤ β the relation holds

δ−(β+1)
RLδ

1−αf(nh)) = δ−(β+α)f(nh), n ∈ N.

Proof. By Proposition 3.7, we have

δ−(β+1)
RLδ

1−αf(nh)) = hβ+1
n∑

j=1
kβ+1(n− j)RLδ

1−αf(jh)

= hβ+1
n∑

j=1
kβ+1(n− j)Cδ1−αf(jh) + hβ+α

n∑
j=1

kβ+1(n− j)kα(j − 1)f(0)

= hβ+1
n∑

j=1
kβ+1(n− j)Cδ1−αf(jh) + hβ+α

n−1∑
j=0

kβ+1(n− 1 − j)kα(j)f(0)

= δ−(β+α)δ−1δleftf(nh) + hα+β
n−1∑
j=0

kα+β(n− 1 − j)f(0)

= δ−(β+α)f(nh) − δ−(β+α)f(0) + hα+β
n∑

j=1
kα+β(n− j)f(0)

= δ−(β+α)f(nh). �
4. Special functions

In this section we introduce a discrete version of the Mittag-Leffler and scaled Wright functions, which 
generalize the ones defined in [7]. Also, we present some interesting properties which will be useful along 
the paper.

Let α, β, h > 0 and λ ∈ C. The Mittag-Leffler sequences are given by

Eh
α,β(λ, n) := hβ

(n− 1)!

∞∑
j=0

Γ(αj + β + n− 1)
Γ(αj + β) (hαλ)j , n ∈ N, |λ| < 1

hα
. (4.1)

The convergence of previous series can be justified by (3.5). Using the Cesàro numbers (3.3), one can rewrite 
(4.1) as

Eh
α,β(λ, n) =

∞∑
j=0

hαj+βkαj+β(n− 1)λj , n ∈ N, |λ| < 1
hα

.

Particularly, note that

Eh
1,1(λ, n) =

∞∑
(hλ)jkj+1(n− 1) =

∞∑
(hλ)jkn(j) = 1

hn
(1/h− λ)−n, |λ| < 1

h
.

j=0 j=0
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Proposition 4.1. Let 0 < α < 1, 0 < β, h and λ ∈ C such that |λ| < 1
hα . The sequence

ε(nh) :=

⎧⎪⎨⎪⎩
Eh
α,1(λ, n), n ∈ N,

1, n = 0

is solution of the fractional difference problem

Cδ
αε(nh) = λε(nh), n ∈ N.

Proof. For n ∈ N, we have

δ1−αε(nh) = h1−α
n∑

j=1
k1−α(n− j)Eh

α,1(λ, j)

= h1−α
n∑

j=1
k1−α(n− j)

∞∑
w=0

hαw+1kαw+1(j − 1)λw

=
∞∑

w=0
h2−α+αwλw

n∑
j=1

k1−α(n− j)kαw+1(j − 1)

=
∞∑

w=0
h2−α+αwλw

n−1∑
j=0

k1−α(n− 1 − j)kαw+1(j)

=
∞∑

w=0
h2−α+αwk2−α+αw(n− 1)λw

=
∞∑

w=1
h2−α+αwk2−α+αw(n− 1)λw + h2−αk2−α(n− 1),

where have used (3.4). Now, by Proposition 3.2, we get

δlefth
2−αk2−α(n− 1) = h1−αk1−α(n− 1)

and

δlefth
2−α+αwk2−α+αw(n− 1) = h1−α+αwk1−α+αw(n− 1).

Then,

Rδ
αε(nh) =

∞∑
w=0

h1+αwk1+αw(n− 1)λw + h1−αk1−α(n− 1)u(0).

Hence, by Proposition 3.7 we get the result. �
Next, let us define the discrete scaled Wright function.

Definition 4.2. Let 0 < α < 1 and 0 ≤ β be given. For n ∈ N0 and h > 0, the discrete scaled Wright function 
ϕh
α,β is defined by
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ϕh
α,β(n, j) := 1

2πi

∫
Υ

1
zn+1

(
1 − h(1−z

h )α
)j

(1−z
h )β

dz, j ∈ N0, (4.2)

where Υ is the path oriented counterclockwise given by the circle centered at the origin and radius 0 < r < 1. 
Note that if |z| < 1, then 1−z

h belongs to the disc centered at 1/h and radius 1/h. So, for each j ∈ N0, the 

function z →
(
1−h( 1−z

h )α
)j

( 1−z
h )β is holomorphic on the unit disc. Therefore, by the Cauchy formula for the 

derivatives, we have defined ϕh
α,β(n, j) as the n-coefficient of the power series centered at the origin of such 

holomorphic function.

In the following proposition, we present some useful properties of the discrete scaled Wright function 
ϕh
α,β . Many of them follow the spirit of the analogue ones in the continuous case, see [5, Theorem 3].

Proposition 4.3. Let 0 < α < 1, 0 ≤ β, 0 < h and n, j ∈ N0. The following properties hold:

(i) ϕh
α,β(n, j) = hβ

j∑
i=0

(
j

i

)
(−1)ihi−αikβ−αi(n).

(ii) ϕh
α,β+γ(n, j) = hβ

n∑
i=0

kβ(n − i)ϕh
α,γ(i, j), γ > 0.

(iii) 1
hnΓ(n)

∞∫
0

e−s/hsn−1ψα,β(s, t) ds = e−t/h
∞∑
j=1

ϕh
α,β(n − 1, j − 1) tj−1

hj(j − 1)! , t > 0,

where ψα,β is given by (2.1).

(iv)
∞∑
j=1

ϕh
α,β(n − 1, j − 1) 1

hj

(
1
h
− λ

)−j

= 1
h
Eh
α,α+β(λ, n), n ∈ N, |λ| < 1

hα
.

(v) ϕh
α,β(n, j) − ϕh

α,β(n, j + 1) = hϕh
α,β−α(n, j).

(vi) ϕh
α,0(n, j + 1) =

n∑
p=0

ϕh
α,0(n − p, j)ϕh

α,0(p, 1).

(vii) ϕh
α,β(n, j) ≥ 0, 0 < h ≤ 1.

(viii)
∞∑
i=0

ϕh
α,0(i, j) = 1.

(ix)
∞∑
j=0

ϕh
α,β(n, j)kγ(j) = hβ+γ(α−1)kβ+γα(n).

Proof. (i) Note that for |z| < 1 we can write

hβ

j∑
i=0

(
j

i

)
(−1)ihi−αi(1 − z)αi−β = 1

(1−z
h )β

j∑
i=0

(
j

i

)
(−1)ihi

(
1 − z

h

)αi

=
(
1 − h(1−z

h )α
)j

(1−z
h )β

.

By the uniqueness of the coefficients we have the result.
(ii) The identity follows from the previous item (i) and (3.4). Indeed,

ϕh
α,β+γ(n, j) =hβ+γ

j∑
w=0

(
j

w

)
(−1)ihw−αwkβ+γ−αw(n)

=hβ+γ

j∑(
j

w

)
(−1)ihw−αw

n∑
kβ(n− i)kγ−αw(i)
w=0 i=0
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=hβ+γ
n∑

i=0
kβ(n− i)

j∑
w=0

(
j

w

)
(−1)whw−αwkγ−αw(i)

=hβ
n∑

i=0
kβ(n− i)ϕh

α,γ(i, j).

(iii) Note that, by (2.1)

1
hnΓ(n)

∞∫
0

e−s/hsn−1ψα,β(s, t) ds = 1
hnΓ(n)

∞∫
0

e−s/hsn+β−2W−α,β(−ts−α) ds

= 1
hn

∞∑
i=0

(−t)i

Γ(n)Γ(−αi + β)i!

∞∫
0

e−s/hsn+β−2−αi ds

= hβ−1
∞∑
i=0

h−αiΓ(n− 1 + β − αi)
Γ(n)Γ(−αi + β)

(−t)i

i!

= hβ−1
∞∑
i=0

h−αikβ−αi(n− 1)(−t)i

i! .

On the other hand, by (i) we obtain

∞∑
j=1

ϕh
α,β(n− 1, j − 1) tj−1

hj(j − 1)! = hβ
∞∑
j=1

j−1∑
i=0

(
j − 1
i

)
(−1)ihi−αikβ−αi(n− 1) tj−1

hj(j − 1)!

= hβ−1
∞∑
j=0

j∑
i=0

(
j

i

)
(−1)ihi−αikβ−αi(n− 1)

(
t

h

)j 1
j!

= hβ−1
∞∑
i=0

∞∑
j=i

(
j

i

)
(−1)ihi−αikβ−αi(n− 1)

(
t

h

)j 1
j!

= hβ−1
∞∑
i=0

(−1)ihi−αikβ−αi(n− 1)
∞∑
j=i

(
j

i

)(
t

h

)j 1
j!

= hβ−1
∞∑
i=0

(−1)ihi−αikβ−αi(n− 1)
∞∑
j=i

1
i!(j − i)!

(
t

h

)j

= hβ−1
∞∑
i=0

(−1)ihi−αikβ−αi(n− 1)
∞∑
j=0

1
i!j!

(
t

h

)j+i

= hβ−1
∞∑
i=0

(−1)ih−αikβ−αi(n− 1) t
i

i! e
t/h,

for all n ∈ N. Thus, the result is proved.
(iv) Let h > 0 and λ ∈ C such that |λ| < 1

hα
. Then,

∞∑
j=1

ϕh
α,β(n− 1, j − 1) 1

hj

(
1
h
− λ

)−j

=
∞∑
j=1

ϕh
α,β(n− 1, j − 1) 1

hj

∞∫
e−

( 1
h−λ

)
s sj−1

(j − 1)!ds

0
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=
∞∫
0

e−
( 1
h−λ

)
s

∞∑
j=1

ϕh
α,β(n− 1, j − 1) 1

hj

sj−1

(j − 1)!ds

= 1
hnΓ(n)

∞∫
0

eλs
∞∫
0

e−t/htn−1ψα,β(t, s) dt ds

= 1
hnΓ(n)

∞∫
0

e−t/htn−1tα+β−1Eα,α+β(λtα) dt

= 1
h
Eh
α,α+β(λ, n),

where we have used item (iii), [5, Theorem 3 (iii)] and [7, Theorem 2.8.].
(v) The result is obtained as follows:

ϕh
α,β(n, j)−ϕh

α,β(n, j + 1)

= hβ

j∑
i=0

(
j

i

)
(−1)ihi−αikβ−αi(n) − hβ

j+1∑
i=0

(
j + 1
i

)
(−1)ihi−αikβ−αi(n)

= −hβ

j+1∑
i=1

(
j

i− 1

)
(−1)ihi−αikβ−αi(n)

= hβ+1−α

j∑
i=0

(
j

i

)
(−1)ihi−αikβ−α(i+1)(n)

= hϕh
α,β−α(n, j),

where we have used [6, Section 1.4, Eq. (5)].
(vi) By item (i), [6, Section 1.4, Eq. (5)] and (3.4) it follows

ϕh
α,0(n, j + 1) =

j+1∑
i=0

(
j + 1
i

)
(−1)ihi−αik−αi(n)

=
j∑

i=0

(
j

i

)
(−1)ihi−αik−αi(n) +

j+1∑
i=1

(
j

i− 1

)
(−1)ihi−αik−αi(n)

=
j∑

i=0

(
j

i

)
(−1)ihi−αik−αi(n) −

j∑
i=0

(
j

i

)
(−1)ihi−αih1−αk−α(i+1)(n)

=
n∑

p=0

j∑
i=0

(
j

i

)
(−1)ihi−αik−αi(n− p)k0(p)

−
n∑

p=0

j∑
i=0

(
j

i

)
(−1)ihi−αih1−αk−αi(n− p)k−α(p)

=
n∑

p=0

j∑
i=0

(
j

i

)
(−1)ihi−αik−αi(n− p)

(
k0(p) − h1−αk−α(p)

)

=
n∑ j∑(

j

i

)
(−1)ihi−αik−αi(n− p)

1∑(
1
i

)
(−1)ihi−αik−αi(p)
p=0 i=0 i=0
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=
n∑

p=0
ϕh
α,0(n− p, j)ϕh

α,0(p, 1).

(vii) From Definition 4.2, we have that ϕh
α,0(n, 0) = δ0(n) for n ∈ N0. Furthermore,

ϕh
α,0(n, 1) = k0(n) − h1−αk−α(n).

Then,

ϕh
α,0(0, 1) = 1 − h1−α ≥ 0

and

ϕh
α,0(n, 1) = h1−αα(1 − α)(2 − α) · · · (n− 1 − α)

n! ≥ 0, n ∈ N.

By (i) of the Proposition 3.1 and items (vi) and (ii) the result follows.
(viii) The identity is a particular case of (4.2), by letting z → 1− with z ∈ R.
(ix) By (4.2) and (3.1), we have

∞∑
l=0

ϕh
α,β(n, l)kγ(j) = 1

2πi

∫
Υ

1
zn+1

∞∑
l=0

(
1 − h(1−z

h )α
)j

(1−z
h )β

kγ(j) dz

= 1
hγ

1
2πi

∫
Υ

1
zn+1

1
(1−z

h )β+γα
dz

= hβ+γ(α−1)kβ+γα(n). �
Remark 4.4. Let 0 < α < 1. Taking λ = 0 in Proposition 4.3-(iv), we have

∞∑
j=0

ϕh
α,1−α(n− 1, j) = 1, n ∈ N. (4.3)

Remark 4.5. Some of the results obtained in the previous proposition can be found in the work carried out 
by Alvarez et al. in [7] with h = 1.

5. Fundamental solution

Here we investigate the representation of the solution to the fractional diffusion equation (1.1), and we 
prove several interesting properties related to it.

Let us start recalling the problem. Let h > 0 and 0 < α < 1. Consider the fractional diffusion equation 
in discrete time on the Lebesgue Lp(RN ) spaces, given by

⎧⎪⎨⎪⎩
Cδ

αu(nh, x) = Δu(nh, x), n ∈ N, x ∈ RN ,

u(0, x) = f(x),
(5.1)

where u and f are function defined on Nh
0 ×RN and RN respectively.
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Let us define the fundamental solution

Gα
n,h(x) :=

∞∑
j=1

ϕh
α,1−α(n− 1, j − 1)Gj,h(x), n ∈ N, x ∈ RN , (5.2)

where the functions Gn,h(x) denote the discrete Gaussian defined by (2.3).
The next result shows that Gα

n,h ∗ f is the solution of (5.1).

Theorem 5.1. Let 1 ≤ p ≤ ∞ and f be a function on Lp(RN ). For h > 0 and 0 < α < 1, the function

u(nh, x) := (Gα
n,h ∗ f)(x) (5.3)

is the unique solution of the fractional diffusion equation in discrete time (5.1) on the Lebesgue Lp(RN )
spaces.

Proof. First of all, note that by Proposition 2.2-(ii) and (4.3), we can conclude that∫
RN

Gα
n,h(x) dx = 1. (5.4)

Consequently, by Young’s inequality for convolutions we have

‖u(nh, ·)‖p ≤ ‖f‖p.

Now, we see that u satisfies (5.1). Equation (2.4) implies

Δu(nh, x) =
∞∑
j=1

ϕh
α,1−α(n− 1, j − 1)δleft(Gj,h ∗ f)(x)

= h−1
∞∑
j=1

ϕh
α,1−α(n− 1, j − 1)(Gj,h ∗ f)(x) − h−1

∞∑
j=1

ϕh
α,1−α(n− 1, j − 1)(Gj−1,h ∗ f)(x)

= h−1
∞∑
j=1

ϕh
α,1−α(n− 1, j − 1)(Gj,h ∗ f)(x) − h−1

∞∑
j=0

ϕh
α,1−α(n− 1, j)(Gj,h ∗ f)(x)

= h−1
∞∑
j=1

ϕh
α,1−α(n− 1, j − 1)(Gj,h ∗ f)(x) − h−1

∞∑
j=1

ϕh
α,1−α(n− 1, j)(Gj,h ∗ f)(x)

− h−1ϕh
α,1−α(n− 1, 0)f(x).

Now, by Proposition 4.3-(ii) and (3.2), we have

h−1ϕh
α,1−α(n− 1, 0)f(x) = h−1h1−α

n−1∑
i=0

k1−α(n− 1 − i)ϕh
α,0(i, 0)f(x)

= h−α
n−1∑
i=0

k1−α(n− 1 − i)k0(i)f(x)

= h−αk1−α(n− 1)f(x).

Then, by (v) of Proposition 4.3, we get
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Δu(nh, x) = h−1
∞∑
j=1

ϕh
α,1−α(n− 1, j − 1)(Gj,h ∗ f)(x) − h−1

∞∑
j=1

ϕh
α,1−α(n− 1, j)(Gj,h ∗ f)(x)

− h−αk1−α(n− 1)f(x)

= h−1
∞∑
j=1

(
ϕh
α,1−α(n− 1, j − 1) − ϕh

α,1−α(n− 1, j)
)
(Gj,h ∗ f)(x) − h−αk1−α(n− 1)f(x)

= h−1
∞∑
j=0

(
ϕh
α,1−α(n− 1, j) − ϕh

α,1−α(n− 1, j + 1)
)
(Gj+1,h ∗ f)(x) − h−αk1−α(n− 1)f(x)

=
∞∑
j=0

ϕh
α,1−2α(n− 1, j)(Gj+1,h ∗ f)(x) − h−αk1−α(n− 1)f(x).

By the previous identity and (ii) of Proposition 4.3, we have that

hαΔ
n∑

w=1
kα(n− w)u(wh, x) = hαΔ

n−1∑
w=0

kα(n− 1 − w)u((w + 1)h, x)

= hα
n−1∑
w=0

kα(n− 1 − w)
∞∑
j=0

ϕh
α,1−2α(w, j)(Gj+1,h ∗ f)(x)

−
n−1∑
w=0

kα(n− 1 − w)k1−α(w)f(x)

= h1−α
n−1∑
w=0

kα(n− 1 − w)
∞∑
j=0

w∑
p=0

k1−2α(w − p)ϕh
α,0(p, j)(Gj+1,h ∗ f)(x) − f(x)

= h1−α
∞∑
j=0

n−1∑
w=0

kα(n− 1 − w)
w∑

p=0
k1−2α(w − p)ϕh

α,0(p, j)(Gj+1,h ∗ f)(x) − f(x)

= h1−α
∞∑
j=0

n−1∑
p=0

k1−α(n− 1 − p)ϕh
α,0(p, j)(Gj+1,h ∗ f)(x) − f(x)

=
∞∑
j=0

ϕh
α,1−α(n− 1, j)(Gj+1,h ∗ f)(x) − f(x)

= u(nh, x) − f(x),

that is,

u(nh, x) = hαΔ
n∑

w=1
kα(n− w)u(wh, x) + f(x).

Now, convolving the above identity by k1−α and multiplying by h−α, we obtain

h−α
n∑

j=0
k1−α(n− j)u(jh, x) = Δ

n∑
j=0

u(jh, x) − Δu(0, x) + h−αk2−α(n)f(x)

= Δ
n∑

j=1
u(jh, x) + h−αk2−α(n)f(x).
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By Proposition 3.2, we can conclude that

h−α
n∑

j=0
k1−α(n− j)u(jh, x)−h−α

n−1∑
j=0

k1−α(n− 1 − j)u(jh, x)

= Δu(nh, x) + h−αk1−α(n)f(x).

Hence, the result follows from Proposition 3.7. �
In the following results we show other representations for Gα

n,h. In the first result, we represent Gα
n,h(x)

using the Poisson transform of the Gaussian kernel while in the second one we use the Fox H-function. This 
fact in turn gives other representations of the solution (5.3).

Proposition 5.2. Let 0 < h and 0 < α < 1. Then, (5.2) is equivalent to

Gα
n,h(x) = 1

hn

∞∫
0

∞∫
0

e−s/h sn−1

(n− 1)!ψα,1−α(s, t)Gt(x) ds dt, n ∈ N, x ∈ RN \ {0}, (5.5)

where Gt is the Gaussian kernel (2.2) and ψα,β is (2.1).

Proof. From Proposition 4.3 part (iii), we get

Gα
n,h(x) =

∞∑
j=1

ϕh
α,1−α(n− 1, j − 1)Gj,h(x)

=
∞∑
j=1

ϕh
α,1−α(n− 1, j − 1) 1

hj

∞∫
0

e−t/h tj−1

(j − 1)!Gt(x) dt

=
∞∫
0

e−t/h
∞∑
j=1

ϕh
α,1−α(n− 1, j − 1) 1

hj

tj−1

(j − 1)!Gt(x) dt

= 1
hn

∞∫
0

∞∫
0

e−s/h sn−1

(n− 1)!ψα,1−α(s, t)Gt(x) ds dt.

The result follows. �
Proposition 5.3. Let 0 < h and 0 < α < 1. Then

Gα
n,h(x) = 1

Γ(n)πN/2|x|N H30
13

[
|x|2
4hα

∣∣∣∣∣ (1, α)
(n, α), (N2 , 1), (1, 1)

]
, n ∈ N, x ∈ RN \ {0},

where H03
31 denotes the Fox H-function.

Proof. By [8, Theorem 3.1], [5, Theorem 15-(ii).] and [26, Theorem 2.12], we have the following subordina-
tion formula

1
πN/2|x|N H02

21

[
4tα

|x|2

∣∣∣∣∣ (1 − N
2 , 1), (0, 1)
(0, α)

]
=

∞∫
0

ψα,1−α(t, s)Gs(x) ds.
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Now,

Gα
n,h(x) = 1

hnΓ(n)πN/2|x|N

∞∫
0

e−t/htn−1H12
32

[
4tα

|x|2

∣∣∣∣∣ (1 − N
2 , 1), (0, 1), (0, 1)
(0, 1), (0, α)

]
dt

= 1
Γ(n)πN/2|x|N H13

42

[
4hα

|x|2

∣∣∣∣∣ (1 − n, α), (1 − N
2 , 1), (0, 1), (0, 1)

(0, 1), (0, α)

]

= 1
Γ(n)πN/2|x|N H03

31

[
4hα

|x|2

∣∣∣∣∣ (1 − n, α), (1 − N
2 , 1), (0, 1)

(0, α)

]

= 1
Γ(n)πN/2|x|N H30

13

[
|x|2
4hα

∣∣∣∣∣ (1, α)
(n, α), (N2 , 1), (1, 1)

]
,

where we have used Corollary 2.3.1, Proposition 2.2 and Proposition 2.3 of [27]. �
The following proposition states some basic properties of the fundamental solution.

Proposition 5.4. Let 0 < h, 0 < α < 1 and n ∈ N. The function Gα
n,h satisfies:

(i) Gα
n,h(x) > 0, n ∈ N, 0 < h ≤ 1.

(ii)
∫
RN

Gα
n,h(x) dx = 1.

(iii) F(Gα
n,h)(ξ) = 1

h
Eh
α,1(−|ξ|2, n), ξ ∈ RN .

(iv)
∫
RN

|x|2Gα
n,h(x) dx = 2Γ(2)Nhαkα+1(n − 1).

Proof. (i) Follows from (vi) of Proposition 4.3 and (i) of the Proposition 2.2. (ii) was showed in the proof 
of Theorem 5.1 (see (5.4)). Next, let us prove (iii). Since F(Gt)(ξ) = e−t|ξ|2 , for ξ ∈ RN by Proposition 2.1
part (iii), it follows from [5, Theorem 3] that

∞∫
0

ψα,1−α(s, t)e−t|ξ|2 dt = Eα,1(−|ξ|2sα).

Equation (4.1) implies that

F(Gα
n,h)(ξ) = 1

hn

∞∫
0

e−s/h s
n−1

Γ(n)Eα,1(−|ξ|2sα) ds = 1
h
Eh
α(−|ξ|2, n).

Finally, by Fubini’s Theorem, Proposition 2.1 and [5, Theorem 3], we have that

∫
RN

|x|2Gα
n,h(x) dx =2N 1

hn

∞∫
0

∞∫
0

e−s/h sn−1

(n− 1)!ψα,1−α(s, t)t dt ds

=2NΓ(2) 1
hn

∞∫
e−s/h sn−1

(n− 1)!gα+1(s) ds

0
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=2Γ(2)Nhαkα+1(n− 1).

Thus, we get item (iv). �
Remark 5.5. We recall that the total mass and first moment of the function

w(nh, x) = (Gn,h ∗ f)(x)

are conservative (see [2, Remark 2.6]). Then, we have that the total mass of solution of (5.1), given by

u(nh, x) =
∞∑
j=1

ϕh
α,1−α(n− 1, j − 1)(Gj,h ∗ f)(x)

is conservative. Indeed,∫
RN

u(nh, x) dx =
∞∑
j=1

ϕh
α,1−α(n− 1, j − 1)

∫
RN

(Gj,h ∗ f)(x) dx =
∫
RN

f(x) dx,

where in the last equality we have used (4.3). The first moment is also conservative:

∫
RN

xu(nh, x)dx =
∞∑
j=1

ϕh
α,1−α(n− 1, j − 1)

∫
RN

x (Gj,h ∗ f)(x) dx =
∫
RN

xf(x) dx,

as long as (1 + |x|)f ∈ L1(RN ). However, note that∫
RN

|x|2 w(nh, x)dx =
∫
RN

|x|2 f(x)dx + 2Nnh

implies that the second moment of u is not conserved in time. In fact,∫
RN

|x|2 u(nh, x)dx =
∫
RN

|x|2 f(x)dx + 2Nh
∞∑
j=1

ϕh
α,1−α(n− 1, j − 1)j

=
∫
RN

|x|2 f(x)dx + 2Γ(2)Nhαkα+1(n− 1),

where used (ix) of Proposition 4.3.

6. Asymptotic decay and large-time behavior of solutions for the fractional diffusion equation in discrete 
time

Now we will present the asymptotic decay of the solution of (5.1) (which is given by (5.3)) in Lp spaces 
and the corresponding large-time behavior.

6.1. Asymptotic decay

In this part we show the following estimates of the fundamental solution Gα
n,h in Lp-spaces. Finally we 

also state Lp-estimates for ∇Gα
n,h, which are useful for study the large time behaviour of solutions of (5.1)

in Lebesgue spaces.
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Lemma 6.1. Let 0 < α < 1. Then there exists Cp > 0 such that

‖Gα
n,h‖p ≤ Cp

1
(nh)αN

2 (1−1/p)
, n ∈ N,

for p ∈ [1, ∞] if N = 1, for p ∈ [1, ∞) if N = 2, and for p ∈ [1, N
N−2 ) if N > 2.

Proof. It is well known (see [24, p.334 (3.326)]) that there exists Cp (independent of t) such that ||Gt||p =
Cp

1
t
N
2 (1− 1

p
)
. Then for n large enough and the values of p given in the hypothesis, by (5.5) and [5, Theorem 

3 (vi)] one gets

‖Gα
n,h‖p ≤ Cp

hnΓ(n)

∞∫
0

e
−t
h tn−αN

2 (1− 1
p )−1 dt = Cp

Γ(n− αN
2 (1 − 1

p ))

hαN
2 (1− 1

p )Γ(n)
≤ Cp

(nh)α
N
2 (1− 1

p )
,

where we have applied the asymptotic behavior of the Gamma function (see [16]). Since the function Gα
n,h

belongs to Lp(RN ) for all n ∈ N, then the result is valid for all n ∈ N. �
Next, let us present a result about the Lp − Lq asymptotic decay for u.

Theorem 6.2. Let 1 ≤ q ≤ p ≤ ∞. If f ∈ Lq(RN ), then the solution u of (5.1) satisfies

(i) If q = ∞, then ‖u(nh, ·)‖∞ ≤ ‖f‖∞.
(ii) If 1 ≤ q < ∞ and N > 2q, then for each p ∈ [q, Nq

N−2q )

‖u(nh, ·)‖p ≤ Cp
1

(nh)αN
2 (1/q−1/p)

‖f‖q. (6.1)

(iii) If 1 ≤ q < ∞ and N = 2q, then for each p ∈ [q, ∞) the estimate (6.1) holds.
(iv) If 1 ≤ q < ∞ and N < 2q, then for each p ∈ [q, ∞] the estimate (6.1) holds.

Here, Cp is a constant independent of h and n.

Proof. Take r ≥ 1 such that 1 + 1/p = 1/q + 1/r, and applying Young’s inequality we get

‖u(nh, ·)‖p = ‖Gα
n,h ∗ f‖p ≤ ‖Gα

n,h‖r‖f‖q.

Now, we apply Lemma 6.1 to estimate ‖Gα
n,h‖r. For the case (i), if q = ∞, then p = ∞, r = 1, and therefore 

since ‖Gα
n,h‖1 = 1, the result follows. Note that in the case (ii), if 1 ≤ q < ∞ and N > 2q, then the condition 

q ≤ p < Nq
N−2q implies 1 ≤ r < N

N−2 . So, by Lemma 6.1 we get the desired estimates. The cases (iii) and 
(iv) follow in a similar way. �
Lemma 6.3. Let 0 < α < 1. Then there exists Cp > 0 such that

‖∇Gα
n,h‖p ≤ Cp

1
(nh)αN

2 (1−1/p)+α
2
, n ∈ N,

for p ∈ [1, ∞) if N = 1, and for p ∈ [1, N
N−1 ) if N > 1.

Proof. The proof is similar to the proof of Lemma 6.1 by use of ‖∇Gt‖p = Cp
1

t
N
2 (1− 1

p
)+1/2

(see [24, p.334 

(3.326)]). �
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6.2. Large-time behavior of solutions

In this part we study the asymptotic behavior of solution u of problem given by (5.1). Suppose f ∈
L1(RN ). Set

M :=
∫
RN

f(x) dx.

Before to show the main result of this section, we need the following decomposition lemma (see [14]).

Lemma 6.4. Suppose f ∈ L1(RN ) such that 
∫
RN |x||f(x)|dx < ∞. Then there exists F ∈ L1(RN ; RN ) such 

that

f =

⎛⎝∫
RN

f(x)dx

⎞⎠ δ0 + divF

in the distributional sense and

‖F‖L1(RN ;RN ) ≤ CN

∫
RN

|x||f(x)|dx.

Theorem 6.5. Let 1 ≤ p ≤ ∞ and u be the solution of (5.1).

(i) Then

(nh)
αN
2

(
1− 1

p

)
‖u(nh, ·) −MGα

n,h‖p → 0, as n → ∞,

for p ∈ [1, ∞) if N = 1, and for p ∈ [1, N
N−1 ) if N > 1,

(ii) Suppose in addition that |x|f ∈ L1(R), then

(nh)
αN
2 (1− 1

p )‖u(nh, ·) −MGα
n,h‖p � (nh)−α/2,

for p ∈ [1, ∞) if N = 1, and for p ∈ [1, N
N−1 ) if N > 1.

Proof. First we prove assertion (ii). Since that f, |x|f ∈ L1(RN ), by decomposition Lemma 6.4 there exists 
ψ ∈ L1(RN ; RN ) such that

u(nh, x) = (Gα
n,h ∗ (Mδ0 + divψ(·)))(x)

= MGα
n,h(x) + (∇Gα

n,h ∗ ψ)(x),

in the distributional sense, and

‖ψ‖1 ≤ CN‖|x|f(x)‖1 < ∞.

Lemma 6.3 implies that

‖u(nh, ·) −MGα
n,h‖p ≤ CN‖∇Gα

n,h‖p‖xf(x)‖1 ≤ CN,p,f
1

αN (1−1/p)+α , (6.2)

(nh) 2 2
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Hence the assertion (ii) is proved.
To prove (i), we choose a sequence (ηj) ⊂ C∞

0 (RN ) such that 
∫
RN ηj(x) dx = M for all j, and ηj → f in 

L1(RN ). For each j, by Lemma 6.1 and (6.2), we get

‖u(nh, ·) −MGα
n,h‖p ≤ ‖Gα

n,h ∗ (f − ηj)‖p + ‖Gα
n,h ∗ ηj −MGα

n,h‖p
≤ ‖Gα

n,h‖p‖f − ηj‖1 + ‖Gα
n,h ∗ ηj −MGα

n,h‖p

≤ Cp
1

(nh)αN
2 (1−1/p)

‖f − ηj‖1 + Cp,ηj

1
(nh)αN

2 (1−1/p)+α
2
.

Then

lim sup
n→∞

(nh)αN
2 (1−1/p)‖u(nh, ·) −MGα

n,h‖p ≤ Cp‖f − ηj‖1.

The assertion follows by letting j → ∞. �
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